Recent time domain experiments which allow selective study of the relaxation of slower subpopulations among the distributions of local, inhomogeneous regions, have shown the existence of a length scale ͑ϳ2-3 nm͒ beyond which the liquid behaves like a homogeneous liquid. Here we use the density functional theory to calculate the probability of creating a soft localized density fluctuation ͑density droplet͒. Theoretical calculation shows that the free energy penalty for creating a local inhomogeneity of small size is much less than that for a large size and that a dense supercooled system is unlikely to sustain inhomogeneity of a length, l f , which is larger than 5, where is the molecular diameter. We have calculated both the equilibrium and the nonequilibrium ͑subsequent to photobleaching͒ orientational correlation functions with the theoretically obtained inhomogeneous distributions. The nonequilibrium distribution relaxes at a slower rate. A simple two state exchange model has been used to mimic the relaxation of the slow regions to equilibrium; the model shows that the diffusional exchange cannot be the mechanism for the extremely slow relaxation process very near to the glass transition temperature. These results have been compared with recent experimental results.
I. INTRODUCTION
Supercooled liquids are usually obtained by rapidly cooling liquids sufficiently below their melting point. While relaxation of the various response functions in a liquid above the melting point is exponential-like, the most striking feature of many supercooled liquids is the markedly nonexponential nature of this decay. 1 Although there have been various types of explanation for this anomalous behavior, the most widely accepted one assumes the existence of spatially heterogeneous dynamics in the supercooled state. [2] [3] [4] [5] [6] [7] Recently photobleaching techniques 2, 3 have been combined with time resolved optical spectroscopy to study the rotational dynamics of the various probe molecules of different sizes in supercooled o-terphenyl ͑OTP͒. It has been concluded from these experiments that the structure of the supercooled OTP supports spatially heterogeneous distribution of long-lived, slowly relaxing domains. These studies also indirectly show that at the glass transition temperature (T g ) there exists a length scale ͑ϳ2.5 nm͒ beyond which the liquid is homogeneous. 8 Recently, Tracht et al. 9 developed a model independent four-dimensional solid-state NMR experiment that directly measures the length scale of dynamic heterogeneities and they found a length scale of the same order ͑ϳ3 nm͒ for poly͑vinyl acetate͒ ͑PVAc͒ at T g ϩ10 K.
The nature and origin ͑or even the precise definition͒ of this inhomogeneity is not clear at this point.
The photobleaching techniques allow one to selectively bleach the ''fast'' regions and thus allow one to study the relaxation of the ''slow'' regions. With time, these slow regions redistribute themselves and again an equilibrium distribution is reached. The time taken by the nonequilibrium distribution created by photobleaching to return to equilibrium can be measured by following the rotational motion of probes located in these regions, given, of course, that the labeled probes do not leave the ''domains.'' Ediger and co-workers [2] [3] [4] have reported that the time to return to equilibrium ͑which they call an exchange time, ex ) can become considerably larger than the average orientational relaxation time at equilibrium, as the glass transition is approached from higher temperatures.
In this study, we use the density functional theory ͑DFT͒ of classical statistical mechanics 10 to calculate the free energy cost to create localized inhomogeneous regions, each characterized by a density different from the average density of the liquid and their various sizes. DFT is ideal for studying free energy costs of soft density fluctuations which can lead to heterogeneity. It should be noted here that the density need not be the only choice to describe the origin of these heterogeneities. 11 We find that indeed there exists a maximum length scale of heterogeneity in the supercooled liquid and this length scale is of the same order as has been observed in other experiments. 8, 9 This length scale has a very simple and appealing explanation within DFT. This length is sufficiently small to be energetically favored by the sharp peak in the static structure factor (S(k)), but not large enough to encounter the energy cost due to the very low compressibility of dense liquids. We will discuss this point at length later on. While DFT provides some insight into the possible reason for the nonexistence of heterogeneous regions beyond a size, it does not, at least in the form studied here, provide also the reason why regions below certain sizes are not relevant. This might be due to the fact that density fluctuations in small regions are not relevant. Molecules in a small region need not be involved in the cooperative slowing down, 12 a characteristic feature near the glass transition temperature (T g ).
For calculational simplicity, we assume that these heterogeneous regions are spherical in shape. Although the later assumption lead to the analytical calculations in a more tractable form, it might not represent the actual shape of these regions. In fact, there have been numerous computer simulation studies, [13] [14] [15] [16] [17] as well as experiments on dense colloidal liquids, 18 which show the highly extended nature of these heterogeneous regions. However, we will see later that instead of a sharp cutoff if one extends this simplified assumption to some extent by assuming the heterogeneous regions of continuous density distribution, one would get more or less similar results. The molecular dynamics simulation study of Glotzer and co-workers [13] [14] [15] shows that particles of similar mobility are spatially correlated and thus confirms the existence of dynamical heterogeneities in a supercooled binary Lennard-Jones mixture. In particular, it has been observed that the structural relaxation takes place through the cooperative motion of relatively few, fast-moving particles and these particles form quasi-one-dimensional, stringlike clusters, whose size increases as the glass transition is approached. Particles of low mobility also form clusters, but they are relatively well-ordered and compact, where cluster sizes appear to be insensitive to the temperature. Recently, the three-dimensional time-resolved confocal microscopy experiments on supercooled colloidal liquids and glasses 18 confirmed the simulation results.
It has already been mentioned that the precise definition of the local inhomogeneities is not known and the equilibrium local density fluctuations may not necessarily be the only choice to describe these heterogeneities; it could be described as well by the local entropy fluctuations. 11, 19 Another key assumption we have made in this study is that the high density regions are associated with low mobility and the low density regions are associated with high mobility. Equivalently, we assume that the dependence of the average relaxation time on the average density of the liquid can be used to determine the local relaxation time in a small localized region. However, recent simulation studies of a model binary Lennard-Jones liquid, 15 where the mobility of a particle is defined by the magnitude of its maximum displacement over a suitably chosen time interval, demonstrates that the mobility is related to small equilibrium fluctuations in the local potential energy, and, consequently, in the local composition of the mixture. Furthermore, it has been argued that particles of different mobility can be distinguished in terms of the single particle dynamics where the escape rate of the mobile particles from their local environment is higher than the other particles of the sample. Consequently, the dynamic entropy is one of the measures of particle mobilities in supercooled liquids. 20 Although the simple correlation assumed between the local relaxation time and local density may not be so straightforward, yet several model studies 11, 19 based on this simple assumption were successful in explaining many experimental results specifically the enhancement of translational diffusion near T g 11 and the anomalous light scattering in the glass transition region. 19 The present study has several similarities with the beautiful work of Dasgupta and Valls 21 who carried out extensive Langevin dynamics simulations of binary glass forming liquids, using a free energy functional given by density functional theory. 22 As the same free energy functional has been used in this work, the density fluctuations considered have the same weights. Despite these similarities, there are several differences also. We consider localized fluctuations, while Dasgupta and Valls considered extended ones. In addition, these authors did not investigate the size of the domains and did not consider orientational relaxation in these heterogeneous domains.
We have studied orientational relaxation in these slow domains by using standard hydrodynamics. The relaxation of the slow domains becomes slower as the glass transition density is approached from below. As it is very difficult to calculate the relaxation of the slow domains to equilibrium, we have introduced a simple two-state exchange model 23, 24 to mimic the behavior and specifically to study whether the diffusional exchange is the defining mechanism for this relaxation. One should note that our model is very similar to the two-state model considered by Chang and Sillescu 25 to describe the enhancement of translational diffusion relative to rotational motion near T g . They have considered an environmental fluctuation model ͑EFM͒ where the environment of each molecule fluctuates between only two states, ''slow'' and ''fast.'' The corresponding master equations are of the same form as in our model except we have not considered the Fickian diffusion term. Our goal is to investigate whether the very slow relaxation observed near T g can be explained by the simple diffusional exchange mechanism.
It is worth mentioning here that the two-state scenario has often been used as a modeling approach to rationalize various kinds of phenomena. 26 Particularly, in the context of glass transition, there are several studies based on this scenario. [27] [28] [29] [30] Recently Kieffer et al. 31 used this concept extensively to fit their experimental results where the temperature dependence of the complex mechanical modulus of various glass forming liquids was determined on a nanometer scale throughout the transition range by using Brillouin light scattering. In their approach, which is based on simple Boltzmann statistics, the system is partitioned between two distinct structural states, one with the characteristics of a viscoelastic fluid, and the other one being rigid and can respond only elastically. Of course, in a real situation, a distribution of structural states can coexist at various degrees of supercooling. Furthermore, it was postulated that these localized structural fluctuations are separated by a diffusive interface; as both states are amorphous in nature there are no distinct interfaces between these structural domains and the surface tension terms are negligible. In particular, it was found that there is a gradual structural transition from the glassy to the viscoelastic state at high temperatures. The most remarkable finding of this study is that the temperature dependence of the inherent structure energies of a binary Lennard-Jones liquid, studied by Sastry et al. 32 using computer simulations, can be well fit by this two-state model and thus provides support for the concept that thermodynamically driven structural transitions underlie the glass transition phenomena.
It is interesting to note that the free energy functional form used in this study has also recently been used to investigate the stability of a structure in the metastable state which is in between the homogeneous liquid state and the regular crystalline state. 33 In that case, the heterogeneous density distribution was expressed by the superposition of Gaussian profiles centered on an amorphous lattice and was characterized by a variational parameter ␣, which represented the degree of localization of the particles in the system. A free energy minimum corresponding to a metastable supercooled state of less localized structure was found, in addition to the highly localized ''hard sphere glass.'' 34 Most interestingly, it was found that this minimum does not occur if the underlying lattice is taken as a regular crystalline one. Although this study supports the view of the existence of a heterogeneous density distribution, the absence of a minimum in the crystalline configuration is surprising, but it might be a pathology of hard sphere system.
The organization of the rest of the paper is as follows. Section II provides the expressions necessary to calculate the probability distribution of inhomogeneous regions using density functional theory ͑DFT͒. The numerical results of the probability distribution are presented in Sec. III. Section IV describes the rotational dynamics of the molecules in relaxing inhomogeneous domains. The relaxation of nonequilibrium density distribution is described in terms of two-state exchange model in Sec. V. Finally, concluding remarks are presented in Sec. VI.
II. PROBABILITY DISTRIBUTION OF INHOMOGENEOUS REGIONS
The normalized probability distribution having density fluctuation (␦) is given by
where ⌬FϭF͓͔ϪF͓ ͔ is the excess free energy required for creating an heterogeneous region of density in the uniform liquid of density . ␤ is the inverse of the Boltzmann constant (k B ) times the absolute temperature (T). The heterogeneous regions are spherical in shape as per our assumption and the density fluctuation can be given approximately by the following Gaussian form:
͑2͒
Here r represents the mean position of the fluctuation and for simplicity it is assumed to be taken as the origin (rϭ0).
␦(rϭ0) gives the maximum value of the fluctuation. R I
determines the spread of this fluctuation from the origin.
We have also chosen an alternative form of the density fluctuation to check the sensitivity of the results of the assumption of continuous density distribution. The alternative distribution is given by the following step function expression:
where similarly the maximum value of the fluctuation is given by ␦(rϭ0). H(R I Ϫ͉r͉) is the heaviside step function and takes the following simple form:
Here R I is the radius of the spherical heterogeneous region. The form of the density functional F͓͔ is approximately given by the following functional Taylor series expansion against (r) truncated at the second order term: 22, 35 ␤F͓͔ϭ␤F͓ ͔ϩ ͵ dr͓͑r͒ ln͑͑r͒/ ͒Ϫ␦͑ r͔͒
where F͓ ͔ is the free energy of the liquid at the uniform density , and ␦(r)ϭ(r)Ϫ measures the deviation of the density from at the spatial point r. ␤ is the inverse of the Boltzmann constant (k B ) times the absolute temperature (T). c (2) (r) is the direct pair correlation function of the uniform liquid of density . To calculate the direct pair correlation function, c (2) (r), we have used the well-known Percus-Yevick approximation 36 which is appropriate for the hard sphere liquid.
III. NUMERICAL CALCULATION OF THE DISTRIBUTION, P"…
We have calculated the corresponding free energy cost to create density fluctuations of various size. The calculation has been carried out for both types of density fluctuation form described in Sec. II. The scaled density of the uniform liquid, *ϭ 3 ( is the hard sphere diameter͒ is assumed as 1.04. We have also calculated the probability distribution for different sizes of the localized region. This has been done by creating both positive and negative fluctuations in density relative to the uniform liquid. The density (*ϭ 3 ) is varied here continuously and the distribution is calculated by using Eq. ͑1͒.
In Fig. 1 , we plot the distribution P(͕␦͖) as a function of ␦, for fluctuations of three different sizes, R I ϭ4.0, R I ϭ2.5 and R I ϭ1.5, respectively, where is again the hard sphere diameter. The calculation has been performed using the Gaussian form of the density fluctuation ͑Eq. ͑2͒͒. It can be seen from this figure that the distribution is nearly Gaussian. This is because the free energy surface is nearly harmonic-interestingly the anharmonicity increases with decrease in size. The free energy required to create a heterogeneous region of small size is much less compared to that for a large size. This large free energy cost to create larger inhomogeneous regions follows directly from the following approximate expression for the probability of fluctuation of the wave number dependent density, k :
where k is the spatial Fourier transform of (r),
and S(k) is the static structure factor of the supercooled liquid. In a supercooled liquid S(k) is nearly zero for small wave numbers ͑because of very low compressibility͒, hence density fluctuation can take place only in intermediate wave numbers where S(k) is large. As can be seen from Fig. 1 , fluctuations of small size have a broader distribution and the width of the distribution becomes narrower as size increases. The probability of having fluctuations of small size is finite even when the fluctuations in density are very high whereas it is almost zero for the large size. For the size, R I ϭ4.0, the spread of the distribution of the localized inhomogeneous regions becomes rather small. This clearly demonstrates that it is easier to create the soft fluctuations and after certain length scales (l f у5) the system behaves like a homogeneous liquid.
It should be noted here that the distributions calculated using the step function form of the density fluctuation ͓Eqs. ͑3͒ and ͑4͔͒ also show similar types of behavior.
To compare the results obtained for hard spheres ͑Fig. 1͒ with the systems interacting via continuous potentials, the aforementioned calculation for the probability distribution has also been carried out for the Lennard-Jones ͑LJ͒ system. The direct pair correlation function, c (2) (r), for this system is calculated by solving the Ornstein-Zernike equation for neat supercooled liquid by using the soft mean spherical approximation ͑SMSA͒. 37 SMSA is known to provide a reasonably accurate description of static correlation functions in dense liquids. The calculation is performed at a reduced temperature T* (ϭk B T/⑀) equal to unity and the reduced density of the uniform liquid, *ϭ LJ 3 ͑where LJ is the LJ diameter͒ is set at 1.0142. This system can be mapped into the hard sphere fluid characterized by a density and temperature dependent effective diameter, 38 by employing the wellknown Weeks-Chandler-Anderson ͑WCA͒ perturbation scheme. 39 In Fig. 2 , a comparison is made for a particular size of the localized region, R I ϭ2.5 LJ , which corresponds to approximately the size of 2.479 ( is the hard sphere diameter͒. It shows that the size of the localized density fluctuations will be somewhat larger compared to the hard sphere result. In the case of continuous potentials one has an attractive part and as a consequence there is an increase in spatial correlation length. In addition, the system has now become more compressible than the hard sphere liquid and thus allows for the persistence of localized fluctuations of larger wavelength.
The results presented above do not consider the surface tension term which can arise because regions of high density are likely to be surrounded by regions of low density. The localized regions which exist in the highly supercooled liquid can be represented by the ''density droplets'' much as in the same spirit of the ''entropy droplet'' picture of Wolynes. 40, 41 To create these density droplets one would have extra surface energy term in addition to the energy cost given by the density functional expression ͓Eq. ͑5͔͒. Thus the total free energy of the droplet can be expressed as a function of the radius of the droplet (R I ),
where ⌬F(͕␦͖) is the excess free energy required for creating the droplet of density in the uniform liquid of density and ␥ is the surface free energy per unit area. Note that the contributions from both of the two terms in the right hand side of the above expression are positive. This is in contrast to the conventional classical nucleation theory, where the formation of a new thermodynamically more stable phase in the original mother phase is preferred, but the cost due to surface energy acts against the growth of the embryo of the new phase. As a result of these two competing effects, there exists a free energy barrier corresponding to a nucleus of a critical size. Variation of the excess free energy of the droplet of particular density calculated using the DFT expression ͓Eq. ͑5͔͒ as a function of the droplet radius (R I ) is shown in Fig. 3 . As can be seen from this figure, this energy grows with the radius of the droplet. In order to see the functional form of this growth, we have fitted the data to polynomials in R I . The details of the fit parameters are given in the caption of Fig. 3 . While the surface energy term grows as R I 2 , the cost of the density fluctuation grows as R I 3 . Thus the main effect of the inclusion of the surface energy term would be to reduce the probability of small size droplets rather than the droplets of large size and the small scale fluctuations will become less probable. However, as the amplitude of these fluctuations is small and the symmetry of the liquid is almost preserved, the surface free energy per unit area (␥) is expected to be very small. Consequently, the surface energy contribution should have a less pronounced effect unlike in the case of thermodynamically driven first order transitions.
IV. ROTATIONAL DYNAMICS IN RELAXING INHOMOGENEOUS DOMAINS
As discussed in Sec. I, the nonexponential decay of the orientational correlation functions can be described, at least partly, considering spatial heterogeneous dynamics of the supercooled liquid and this has been confirmed recently by the photobleaching experiments. 2, 3 We assume that the local inhomogeneities having different relaxation times are described by different local densities.
The density dependence of the relaxation times for supercooled liquids is often described by the well-known Vogel-Tammann-Fulcher ͑VTF͒ equation,
where the constant C is proportional to the activation energy for the relaxation rate. g is the density at the glass transition point.
The orientational correlation function averaged over the probability distribution of the local relaxation times, P(), can be expressed as
͑10͒
where 2R () defines the rotational relaxation times in the domains having different local densities. It is assumed to be given by the following expression:
In the above expression, D R is the local rotational diffusion coefficient and the last equality results by using the wellknown Debye relation, D R ϭk B T/8R 3 , where R is the molecular radius. The density dependence of the viscosity, (), is assumed to described by the VTF equation.
The average rotational correlation time is calculated as usual by integrating the orientational correlation function as
͑12͒
It was observed in recent experiments of Ediger et al. 2, 3 that the average rotational correlation time increases with the fraction of probe molecules that have been photobleached. This led them to conclude that there exists a spatially heterogeneous distribution of local relaxation times and the increase in the correlation time is due to the selective destruction of subset of probe molecules in more mobile environments. To study the effect of this selective photobleaching on the rotational dynamics of the molecules we have created a nonequilibrium probability distribution of density by tagging only the slow regions relative to the uniform liquid. This is shown by the hatched area in Fig. 4 . We have used the respective normalized distributions thus obtained to calculate the equilibrium and nonequilibrium orientational correlation function ͗C 2R (t)͘. Figure 5 displays the decay behavior of these correlation functions for a particular size of the local inhomogeneity, R I ϭ2.5, at the average density of the liquid, *ϭ1.04 ͑glass transition density g * is taken as 1.1͒. The decay is nonexponential in nature and the value of the average correlation time has increased almost by a factor of 1.8 in the nonequilibrium ensemble. Figure 6 clearly shows that this difference in average correlation time will increase as we continue to approach the glass transition density. The physical origin of this increase is easy to understand. With the increase in density, although the faster regions become increasingly slow, the slower regions become slower at a faster rate due to the divergence in relaxation time near the glass transition point. Thus the structure of the supercooled liquid becomes dynamically more heterogeneous as the density increases toward the glass transition density.
Even in the idealistic model described above, it is nontrivial to formulate the relaxation of the nonequilibrium distribution of density to the equilibrium one. In order to have a qualitative idea about how this relaxation can explain the experimental results, we have carried out an approximate calculation based on a simplified noninteracting, two-state exchange model, described in the following section.
V. TWO-STATE EXCHANGE MODEL FOR RELAXATION OF NONEQUILIBRIUM DENSITY DISTRIBUTION
We consider the system consists of only two dynamical states where the dynamics in one of these states is fast and slow in the other. These two states are characterized by the two different densities, 1 * and 2 * , respectively and by two local rotation times, 1 and 2 .
Assuming there is an exchange between these two different dynamical regions at a rate, k ex , the time dependent probability distribution for state 1 within this model is given by the following expression:
and similarly the same for state 2 is given by
where p(tϭ0)ϭp 1 (tϭ0)Ϫ p 2 (tϭ0). Now the orientational correlation function averaged over different time intervals (t d ) simply can be expressed as
Here time interval t d measures the delay time after creating a nonequilibrium distribution which in this model is considered to be represented by slow regions only and thus p 1 (t d 
͑16͒
This nonequilibrium average, ͗͘ neq (t d ) is a marker of the relaxation of the distribution. Ediger and co-workers 2 found that this relaxation occurs at a very slow rate and the exchange time ( ex ) shows strong temperature dependence near the glass transition temperature (T g ). The microscopic mechanism behind this very slow exchange is yet to be understood.
To analyze the origin of this very slow decay, we have followed a procedure already used in experiments. 3 We start by defining a normalized correlation function, C (t d ), as 2, 3 speculated that the translational diffusion of a probe molecule between regions with different dynamics could be one of the possible mechanisms of the very slow exchange process observed in experiments. However, such a translational diffusion mediated exchange will scale with the viscosity of the inhomogeneous region. So, ex will vary similarly as the average equilibrium rotational correlation time, ͗͘ eq . This does not allow the emergence of the extremely slow relaxation process very near to the glass transition point. 2, 3 Thus the above analysis shows that there must be some other mechanism which determines this very slow relaxation. In fact, the recent Monte Carlo simulation studies of Dasgupta and Valls 43 for a dense hard sphere system show that the slow relaxation near the glass transition can arise from activated transitions over free energy barriers between different local minima of the free energy. The time scale associated with this transition was found to increase with the average density and this growth of the relaxation time is attributed to an increase of the characteristic height of these free energy barriers. The increase in the transition time rises sharply near the glass transition temperature. This is still just a plausibility.
VI. CONCLUSION
In this article, the standard form of density functional theory ͑DFT͒ has been used to calculate the free energy penalty to create soft localized density fluctuations in a hard sphere liquid. The scaled density has been varied here continuously from 0.99 to 1.09 where we use the uniform liquid of density 1.04 as a reference system.
It is found that the free energy required is much less to create a local inhomogeneity of small size compared to that for a large size. This is attributed to the sharp maximum of the static structure factor S(k) at intermediate wave numbers (kӍ2) and also to the very low compressibility of supercooled liquid at low wave numbers. It is shown here that the liquid almost behaves like a homogeneous liquid in the length scale larger than about 5.0 ͑where is the molecular diameter͒ which agrees qualitatively with the recent experimental results. 8, 9 In addition, it is shown here that the inclusion of the surface energy effect will more likely reduce the probability of small size ''density droplets'' than the droplets of large size. However, it is suggested that the surface effect has a very small contribution to the total free energy cost for forming these droplets.
The results obtained for hard sphere liquid using the Percus-Yevick ͑PY͒ approximation for the direct pair correlation function 36 have been compared with the soft mean spherical approximation 37 ͑SMSA͒ applied to the dense Lennard-Jones liquid. The fluctuations are found to be somewhat larger in size for the continuous potentials due to the increase in spatial correlation length.
Theoretically obtained inhomogeneous probability distributions have been used to calculate both the equilibrium and nonequilibrium orientational correlation functions. We find that the spatially heterogeneous distribution of the density is responsible for the nonexponential nature of the rotational relaxation. For nonequilibrium distribution the average rotational correlation time of molecules relative to that of equilibrium distribution is found to increase with the average density of the liquid. Our theoretical results have been compared with the experimental results of Ediger and co-workers 2,3 obtained recently by photobleaching technique. Good qualitative agreement is found between the theoretical results presented here and the experimental results.
Relaxation of the nonequilibrium distribution has been studied in a qualitative way using the simple noninteracting two-state exchange model where only two different domains with different densities were considered. The results obtained in this model show that the extremely slow relaxation process observed near the glass transition point 2,3 cannot be explained by the translational diffusion of a molecule between regions of different dynamics. It is suggested that the transitions between different local minima of the free energy near the glass transition could be responsible for this very slow relaxation.
Although we have used the simple two-state model to study the relaxation behavior near the glass transition, an ideal way to consider an inhomogeneous liquid is to consider a probability distribution of the density as given by Kawasaki. 44 He proposed a probability distribution functional P(͕͖,t) for slow dynamics of the density variable (r) in the supercooled liquid. This probability distribution in the density will lead to a probability distribution of the dynamical variables.
